We show that polarisations of type (1, ..., 1, 2g + 2) on g-dimensional abelian varieties are never very ample, if g ≥ 3. This disproves a conjecture of Debarre, Hulek and Spandaw. We also give a criterion for non-embeddings of abelian varieties into 2g + 1-dimensional linear systems.
Introduction
Let L be an ample line bundle of type δ on an abelian variety A, of dimension g. Classical results of Lefschetz (n ≥ 3) and Ohbuchi (n = 2) imply very ampleness of L n , if |L| has no fixed divisor when n = 2. Suppose L is an ample line bundle of type (1, ..., 1, d) on
A. When g = 2, Ramanan ( see [R] ) has shown that if d ≥ 5 and the abelian surface does not contain elliptic curves then L is very ample. When g ≥ 3, Debarre, Hulek and Spandaw ( see [DHS] , Corollary 25, p. 201) have shown the following. Acknowledgement: We thank M.Gross for giving the argument in 2.1.
2 Proof of 1.3.
We may assume L is an ample line bundle of characteristic 0 on A. Then L is
Let A 2 denote the set of torsion 2 points of A.
is either +1 or −1.
and Card(A 
Then the involution i acts trivially on the subspaces IP + and
, then the intersection of the image φ L (A) and IP + is transversal at the point φ L (a).
Proof: The action of the involution i at the tangent space, T A,a , at a, is −1. If the intersection of φ L (A) with IP + is not transversal at φ L (a), then φ L * (T A,a ) intersects IP + , giving a i-fixed non-trivial subspace of T A,a , which is not true. 2
Since the involution i acts trivially on Z, the morphism φ L restricts on φ Now by [BL] , Exercise 4.12 b)-Remark 4.7.7,
Hence by 2.2, L is not very ample.
Then
Also, in this case, Card(A + 2 ) ≤ 2 g−1 (2 g + 1).
Since g ≥ 3, r ≥ (2g + 1)g! − 2 g−1 (2 g + 1) > 0. Hence by 2.2, L is not very ample. 2
Morphisms into i-invariant linear systems
We recall the following result due to Peters and Simonis ( see [PS] , Theorem 3.4, p.
182).
Theorem 3.1 Let V k ⊂ IP 2k+1 be a non-singular k-dimensional algebraic variety. Then the number δ of secants of V k through a general point of IP 2k+1 is given by:
where deg V k is the order of V k in IP 2k+1 and P s the homogenous term of weighted degree Now dimIP + > g or dimIP + < g or dimIP + = g.
Consider the intersection Z = IP + ∩ φ(A).
As in Proof of 1.3, if dimZ > 0, then the restricted morphism φ −1 (Z) −→ Z is of degree at least 2, since i acts trivially on Z. Suppose dimZ = 0. Then the intersection of φ(A) and IP + is transversal at the image of torsion 2 points of A, by 2.1. Since
Card(A 2 ) = 2 2g and degree(φ(A)) > 2 2g , there are pairs (a, −a) on A which get identified transversally by the morphism φ.
Case 2: dimIP + < g.
In this situation, dimIP − > g and we can repeat the above argument.
Suppose φ is an embedding and d = degreeφ(A) in |V |.
Let p ∈ |V | be a general point outside IP + and φ(A). By 3.1, if δ denotes the number of bisecants of A through the point p, then
Consider the join, IP g+1 , of IP + and the point p in |V |, i.e. IP g+1 = ∪ x∈IP + l x,p where l x,p is the line joining x and p in |V |.
Let Z = IP + ∩ φ(A) and dimZ = 0, ( otherwise from above reasoning φ is not an embedding). Let Z ′ = IP g+1 ∩ φ(A), in |V |. Now r = degreeZ ≤ 2 2g ( since we have assumed φ is an embedding, Z can at most contain only torsion 2 elements of A) and
Moreover, we have degreeZ ′ = degreeZ + 2δ, since p is a general point ( this equality essentially arises after projecting from the point p, we consider the intersection of the
